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Problem description
Production ports produce at a constant rate. Demand ports consume at a constant 
rate. A set of vessels must transport the product to ensure that production ports do 
not exceed inventory capacities and demand port do not get empty.

Maritime inventory routing problems (MIRP)
Objective: Minimize transport cost.



Ports
❖ Set of ports

❖ Distance between them are given.

❖ Have storage facilities
➢ Storage capacity is limited.

➢ Initial stock is known.

➢ Final stocks are imposed as fixed parameters.

❖ Have a maximum and minimum number of visits.

❖ Have a minimum required time between two consecutive visits

❖ Two types:
❑ Production ports

➢ Produce a single product.

➢ Each one has several production levels, one of them will be 
selected.

❑ Consumption ports

➢ Consume the same product that production ports produce.

➢ Each one has a fixed consumption rate.

Problem description
Vessels
❖ Heterogeneous fleet of vessels.

❖ Each one has a known initial location.

❖ Distance between that location and each port is known.

❖ Can carry various loads between the ports and sail at different 
speeds.

❖ Different in sizes, capacities, and operating costs.

❖ Load capacity is limited.

❖ Initial load is given.

❖ Fleet’s final load are imposed as fixed parameters.

Objective function
❖ Considers load and speed of vessels for the travel cost.



Application
❖ The producer and consumer is a same company, and the production represents a resource (material) for 

providing a service.

➢ For instance: Petroleum companies transport oil and gas from offshore platforms to onshore refineries in order to be 
processed and extract several materials.



Maritime inventory routing problems (MIRP)
❖ Christiansen et al. (2009) presented an introduction to the area.

❖ There are many articles in this area which includes:

➢ MIRP with homogeneous/heterogeneous fleet of vessels.

➢ MIRP with a single/multi-products.

➢ MIRP with time windows for each port.

➢ MIRP with constant/variable production/consumption rate at each port.

➢ MIRP under uncertain conditions (uncertainly in the weather, demand, loading and unloading operation .. etc).

➢ MIRP with speed optimization.

➢ Load-dependent speed optimization in MIRP.

❖ Recently, Friske et al. (2021) presented a 132-pages thesis on methods used to solve MIRP. 

Literature review



Production routing problems (PRP)
❖ Ruokokoski et al. (2010) presented an introduction to the area.

❖ Adulyasak et al., (2015) reviewed two models to solve the problem.

❖ research in this area includes:

➢ PRP with delivery time windows

➢ PRP multi-products

➢ PRP under uncertain conditions.

➢ Other.

Difference between IRP and PRP:
❖ Production quantity (constants or variables).

❖ Objective function.

❖ One route at each stage.

Literature review



Fuel consumption models 
❖ The non-linear relationship between the fuel consumption and the speed of a vessel.

➢ Bialystocki and Konovessis (2016) expressed this relationship by the formula:

where F is the fuel consumption and 𝜇 is the vessel speed.

➢ Andersson et al. (2015) combined three speed alternatives to calculate an  approximated 
linear overestimation of fuel consumption. 

❖ The non-linear relationship between the travel time and speed of a vessel.

➢ Andersson et al. (2015) referred to this nonlinearity. They combined three speed alternatives 
to calculate an approximated linear overestimation of travel time. 

Literature review



Fuel consumption models 
❖ The non-linear relationship between the fuel consumption and the speed 

and load of a vessel.

➢ Psaraftis and Kontovas (2014) expressed this relationship by the formula: 

where k is a given positive constant, 𝑣 is the ship’s  

speed, 𝑤 is the ship's payload, and A is the vessel's weight when the ship is empty.

➢ A convex function is generated by formula's part that is dependent on speed, 
which leads to an overestimation in the cost function when it is linearized. 

➢ A concave function is generated by the part related to load, which leads to an 
underestimation in the cost function when it is linearized.

Literature review



Load-dependent speed optimization in maritime inventory routing
Presented by Eide et al., (2020).

Studies the effects that vessels' load and speed may have on the fuel consumption in maritime inventory routing.

Aims to reduce fuel consumptions, hence sailing and operating costs, by optimizing vessels' routes, and vessels’ speed and load on 
each leg.

The authors used the SOS2 method presented by Williams (2013) to linearize the model.

Contrary to this study, the authors considered the production levels as fixed parameters.

There are no restrictions regarding the ports' stock and vessels' load at the end of the planning horizon.

Computational experiments show that considering the fuel consumption as a function of speed and load can reduce transport 
costs by up to 28 %.

Literature review



Problem description
Example of a solution to a load-dependent speed optimization in 
maritime inventory routing problem (MIRP)

The main questions are:

1. How may the production levels of production ports influence the 
transport cost function of a load-dependent speed optimization in MIRP?

2. What is the impact of imposing stock and load restrictions at the end of 
the planning horizon on the total transporting and operational costs?



Mathematical Models

Models

description

Production 

levels

Final Stock 

and load 

restrictions

Model 1 Deterministic, linear, and 

mixed integer.

Fixed 

parameters

No

Model 2 Deterministic, linear, and 

mixed integer.

Fixed 

parameters

Yes

Model 4 Deterministic, linear, and 

mixed integer.

Decisions 

Variables

No

Model 5 Deterministic, linear, and 

mixed integer.

Decisions 

Variables

Yes

Four models

The objective function is same
❖ Minimizing the fuel consumption. Hence, 

minimizing total transportation costs, which 
include sailing and operational costs.

The first model was introduced by 
Eide et al., (2020).

Models 2,3, and 4 are built based on 
the first model.





Mathematical Models
Model 1: load-dependent speed optimization in MIRP
❖ The production levels are considered as fixed parameters, and there are no stock and load restrictions at the end 

of the planning horizon.

❖ Objective function: minimizing the sum of sailing and operating costs under a set of constraints which include:

❖ Routing constraints.

❖ Loading and unloading constraints.

❖ Flow constraints.

❖ Time constraints

❖ Vessels' speed and load constraints.

❖ Breakpoints' selection constraints.

❖ Variables' nature constraints.

❖ Inventory constraints

➢ This set of constraints will be focused on and changed in the other models.



Mathematical Models
Model 2: load-dependent speed optimization, with final stock and load restrictions in MIRP
❖ The production levels are considered as fixed constants, and there are stock and load restrictions at the end 

of the planning horizon.

❖ Use the same structure of model 1 with additional constraints in order to satisfy the final stock and load 
restrictions.

Model 3: Flexible production level  in MIRP with load-dependent speed optimization
❖ The production levels are considered as decision variables, and there are no stock and load restrictions at 

the end of the planning horizon.

❖ Use the same structure of model 1 and modify the inventory constraints to deal with the production levels 
as decision variables rather than fixed constants.

❖ In this case, the model is non-linear because of the product of a binary and a continuous variable in several 
constraints.

❖ The model is linearized using an additional set of variables and constraints.



Mathematical Models
Linearization technique
❖ Algorithm used to linearize non-linear constraints in model (3):

❖ The algorithm states the following:

➢ Let x be a binary variable, and y be a continuous variable for which 0 ≤ y ≤ u holds. 

➢ A continuous variable, w, is introduced to replace the product w = xy. 

➢ The following constraints should be added to force w to take the value of xy

✓ w ≤  ux

✓ w ≤  y 

✓ w ≥  y − u(1 − x) 

✓ w ≥  0

❖ In other words, to linearize model (3), we create two artificial variables: 

➢ replaces the product of the chosen production level (𝑃𝑖m
𝑃𝑟𝑜𝑑𝐿𝑒𝑣𝑒𝑙) and the start time of a visit at a production port (t𝑖m).

➢ replaces the product of the chosen production level (𝑃𝑖m
𝑃𝑟𝑜𝑑𝐿𝑒𝑣𝑒𝑙) and the time required to carry out the ports' loading 

or unloading operations (𝑡𝑖m
𝑂𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛).



Mathematical Models
Changing the inventory constraints to deal with the production level as variables:
❖ Constraints (48) in model (1) define the inventory at the start time of the first visit to each port.

➢ To deal with the production levels as variables in model (3), this constraints are expressed as follows:

➢ To linearize constraint (48|2) in model (3), it is replaced by the following constraints:



Mathematical Models
Changing the inventory constraints to deal with the production level as variables:
❖ Constraints (49) in model (1) set the stock level at the start time of each visit that occurs after the first visit to each port.

➢ To deal with the production levels as variables in model (3), this constraints are expressed as follows:

➢ To linearize constraint (49|2) in model (3), it is replaced by the following constraints:



Mathematical Models
Changing the inventory constraints to deal with the production level as variables:
❖ Constraints (51) in model (1) ensure that the inventory at the end of each visit to a production port is within the capacity limits.

➢ To deal with the production levels as variables in model (3), this constraints are expressed as follows:

➢ To linearize constraint (51|1) in model (3), it is replaced by the following constraints:



Mathematical Models
Changing the inventory constraints to deal with the production level as variables:
❖ Constraints (53) in model (1) ensure that the inventory of each production port at the end of the planning horizon is within the

capacity limits.

➢ To deal with the production levels as variables in model (3), this constraints are expressed as follows:

➢ To linearize constraint (53|1) in model (3), it is replaced by the following constraints:



Mathematical Models
Changing the inventory constraints to deal with the production level as variables:
❖ The following two constraints should be added to model (1) to ensure that each port must choose one and only one of the production 

levels opitions.

Model 4: Flexible production level, with final stock and load restrictions, in MIRP with load-
dependent speed optimization
❖ The production levels are considered as decision variables, and there are stock and load restrictions at the end of the planning horizon.

❖ Use the same structure of model (3) with additional constraints in order to satisfy the final stock and load restrictions.



Computational study
Test instance description

❖ 12 instances obtained from (Agra et al., 2016).

❖ Each instance has a specific name.

❖ Instances differ in:

➢ Number of ports.

➢ Demand rates at consumption ports.

➢ Production levels at production ports.

➢ Initial inventory levels.

➢ Number and types of vessels.

➢ Initial load levels.

➢ Length of the planning horizon.

❖ AMPL software and CPLEX solver are used to implement the computational study.



Computational study
Evaluation of computational results

❖ Sailing costs and savings

➢ In all instances, considering the production levels as decision variables rather than fixed parameters decreased the total sailing 
and operational cost.

➢ In all instances, imposing stock and load restrictions at the end of the planning horizon incresed the total sailing and 
operational costs. 



Computational study
Evaluation of computational results

❖ Production levels 

Through a comparison between production levels when they are considered as constants and when they are considered as decision variables, 

we find two typical cases:

Production levels 

considered as constants 

are lower than the 

optimal values

Number of  ports 

visits (nr of  trips 

legs) increases

Fuel consumption 

increases.

Hence, higher 

transportation costs. 

Increasing the production levels 

up to the optimal values 

decreases total trasportation 

costs.

Vessels 

underload

Production levels 

considered as constants are 

higher than the optimal 

values

Fuel consumption increases.

Hence, higher transportation 

costs. 

Decreasing the production 

levels down to the optimal 

values decreases total 

trasportation costs

Vessels overload

and/or

number of  ports visits increases



Computational study
Evaluation of computational results

❖ Vessels’ load and speed 

➢ Both optimal load and spead of the vessels change when production rates are consider as decision variables.

❖ Computational time

➢ Adding restrictions on ports stock and vessels load at the end of the planning horizon increased the computational time.

➢ Dealing with the production levels as decision variables rather than constants decreased the computational time.

➢ With end of horizon restrictions, considering an instance with 5 ports and 2 vessels, it takes around 12 hours to solve the model
with constant production rate and 3.5 hours to solve the model with flexible production rate.



Computational study
An example of the models results



Conclusion
Optimizing ports’ production levels can reduce transport process's costs up to 35%.

Imposing final stock and load restrictions increase total costs significantly.
❖ Maintaining 25% of the initial ports stock values at the end of the planning horizon increased transport costs up to 77%.



Conclusion
Future works
❖ Finding ways to decrease the computational time.

❖ Adding production and inventory costs in the objective function. Thus, the problem become load-dependent speed optimization in PRP.

❖ Dealing with the production levels as continuous variables rather than binary variables. Thus, linearization process will be more 
complicated but gives more accurate results.
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